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NE OF THE FIRST THINGS I noticed when I
started playing the guitar as a teenager was
that it was frustratingly hard to tune. Ireally

wasn’t sure what was going on. It turns out to be a
rather intractable problem in a lot of ways.

When I first started building classical guitars in the
early ’80s John Gilbert told me about his method for
setting intonation. At about that time he published an
article on the subject in Soundboard.! 1read it, but didn’t
understand his thought process. Shortly thereafter I ran
across an article in the Journal of Guitar Acoustics by Bill
and Pat Bartolini.2 They describe a method which
involved shortening the fingerboard slightly, as did
Gilbert’s. I eventually thought I understood the
Bartolini article, but I felt they had the details wrong.

I started working on my own theory about ten years
ago. I've pondered it over the years, trying to develop a
theory that holds water and that could be both useful
and understandable. Fortunately, I've recently had some
invaluable help from my friend Cem Durudz, who is a
classical guitarist from Turkey, and also a PhD physics
student at Stanford. Without his help on the math I
could not have completed this project. It’sreally a
collaboration, although any errors are my responsibility.

There is quite a bit of math in what follows, and ’'m
not expecting you to understand all of it. It’s not a simple
problem. I’ll guide you through my thought process and
hopefully we can come out the other end with some
practical solutions.

From the very first development of fretted instruments,
luthiers have had to consider the questions of
temperament and intonation. The question, after all, is

“Where do you put the frets?” Vihuelas, lutes, and viols all
had movable gut frets on at least most of the fingerboard,
which could be tuned by the player. Bermudo in the
16th century recommended this, but he also apparently
complained that they were often tuned by the player
with disastrous results.>

He recommended, as did some others of the time,
tuning the frets in whole number ratios. Across the top
of Table 11 have given you the fret number (n) up to 12.
DMS means “diatonic major scale,” so here I've just
given you the letter notes for an E string. Bermudo
suggested tuning to Just intonation, which is indicated
in the third row. Here X, is the total scale length and
Xp is the distance from the nth fret to the saddle point.
For Just intonation these two quantities are in whole
number ratios, as are given here. So for the second note
of the DMS the distance to the bridge is 36 the total
scale length; the third note distance is %5, the fourth
note distance is ¥4, and so on, so that by the time you get
up to the octave you are at %2 the scale length.

This plan worked fine for one course of strings but
when you started putting chords together it began to
break down. The major reason was that the whole step
interval ratio was of more than one size (see Table 1,
“interval ratio”). For the first whole step you had an
interval ratio of 89, but for the second whole step you had
an interval ratio of %10. This created problems whenever
you tried to change keys or play chords across strings.

At the same time that Bermudo was recommending
this, another method was widely used and probably has
been around for virtually as long as fretted instruments
have been around, and that was to use a constant ratio
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Table 1: Some historically important scale temperaments




for succeeding halfsteps. This was undoubtedly
discovered empirically and is often called the “Rule of
18.” What the luthier did was to make the distance from
each succeeding fret to the saddle point 1718 the
distance of the previous one (see Table 1, “Rule of 187).
Let’s assume we have a scale length of 650mMm. The zero
fret, or nut, is 650MM from the saddle point. The first
fret is 1718 of that distance to the saddle, the second is
17/18 of the first fret distance, or (17/18)2 times the total
scale length, and so on up to the 12th fret, where the
distance to the saddle would be (1718)12 x 650. If you
multiply this out you get 327.4mM. That’s not exactly
half of 650, but it is fairly close. In fact, it is not bad as
an approximation because it provides a built-in method
for producing saddle setback. It works better than you
might imagine.

Now let’s look at the method we currently use for
setting fret placement, which is sometimes called “equal
temperament.” It is very similar to the Rule of 18 in that
the octave is divided into 12 regularly-spaced intervals.
The difference is that the 12th fret is arranged to be at
the halfway point. The equation which spells this out is:

(1) Xn = Xo2"2,

where X, is the distance from the nth fret to the saddle
and X, is the distance from the “zero fret,” or nut, to the
saddle, i.e., Xo is the total string length. We generally
don’t distinguish between the distance between nut and
saddle (Xo), and total string length (Lo in what follows),
which, depending on saddle height, is marginally longer.
Although the distinction is necessary for the math, there
is no practical difference (see Fig. 2).

This equation reads “x sub n equals x sub zero times
two to the minus n over twelfth power.” You might be
familiar with the well-known relation between frequency
(f) and the notes (n) of a chromatic scale:

2) fn=f, 22,

The frequency of the nth note of a chromatic scale is
equal to the frequency of the first note of the scale times
2 to the V12 power. Frequency is inversely proportional
to string length and from that you can derive Equation 1.4
Observe that the distance between the nut and the first
fret under the Rule of 18 is the scale length divided by
18. With equal temperament it is the scale length
divided by approximately 17.817.

If you set your frets according to this equation and
pay close attention, you will notice the notes get
progressively sharp as you go up the scale unless you
make some sort of compensation at the saddle. This is
why we all move our saddles back away from the nut to
some degree. The question then becomes “How far back
should we set it?”. The answer we often apply is to
compare the harmonic at the twelfth fret with the
fretted note, and set the saddle so they are in tune. But
that’s only an approximation. If you play unisons and
octaves up and down the fingerboard, you will find that
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they don’t all play in tune even if you get those twelfth-
fret harmonics exactly the same as the fretted twelfth-
fret notes.

There are a number of reasons for this. One of them,
sadly, is that unless strings are uniform in diameter and
density throughout their length they will not play in tune.
String manufacturers do the best they can, but there will
be some variation. This is not something we can
compensate for with setup.

Beyond string quality, the major reasons for poor
intonation have to do with the fundamental properties
of strings. There are two properties of particular
importance to us, namely elasticity and inharmonicity.
Since both elasticity (stretch) and inharmonicity
(stiffness) have tangible effects, any theory about
intonation should take both these factors into account.

As we all know, to stretch a string is to increase its
pitch. When we fret a note on a guitar we are stretching
the string to meet the fret, and that slightly increases the
pitch. One of the principal problems that we have to
overcome is the fact that open strings do not have this
extra stretch, while fretted strings do.

Inharmonicity has to do with the stiffness of the string.
All strings have stiffness. The sound of a plucked note
consists of the fundamental and an overtone series. An
ideal string has a harmonic overtone series, in which
each succeeding mode of vibration is a whole number
multiple of the fundamental. Fig. 1 depicts the standing
waves for each of the first few modes of vibration. It
shows that for each succeeding mode the number of
nodal points increases by one, and that they are equally
spaced along the length of the string. The first mode is
the entire string length. For the second there is a node
in the very center of the string. At the same time, the
string vibrates in thirds, in quarters, and so on.

Ideally, this would give a harmonic series of
overtones, but because the string has stiffness, the
higher you go in overtone number, the more twists and
turns the string must undergo, and the more the
stiffness tries to resist that vibration. In the end, that
stiffness slightly raises the pitch of succeedingly higher
overtones. When we hear a plucked string, our ear/
brain mysteriously performs a complicated integration of
all these overtones to decide what the perceived pitch

Figure 1: Modes of a vibrating string
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